A set of orthogonal quantum states on a composite Hilbert space is locally irreducible if it is not possible to locally eliminate one or more states from the set while preserving orthogonality of the post-measurement states. A locally irreducible set, by definition, is locally indistinguishable, but the converse doesn't always hold. We provide the first examples of orthogonal product bases on
Composite quantum systems, parts of which are physically separated, can possess nonlocal properties. For example, entangled states [1] must be prepared jointly, but shows nonclassical correlations under local measurements-as demonstrated by the violations of Bell-type inequalities [2, 3] . In another manifestation of quantum nonlocality [4] [5] [6] , product states, whose parts may have been prepared locally, can nonetheless exhibit properties which remain inaccessible through local measurements. This nonlocality, viewed as dual to the Bell-type, arises in local state discrimination problems and has received considerable attention in recent years [7, 11, 16, 18, 24, 25, 27, 30, 37-39, 42, 46-52, 55, 56, 59-61] .
In a local state discrimination problem, we suppose that a quantum system, consisting of several subsystems, each held by separated observers, were prepared in one of several known quantum states, and the task is to identify, as well as possible, in which state the system is in, using local operations and classical communication (LOCC). In some cases, LOCC can indeed accomplish this task as efficiently as global measurements, but in some other cases, they cannot. For example, any two pure states can be optimally distinguished [8, 9] , whereas it is not possible to exactly distinguish any orthogonal basis containing entangled states [17] , e.g. the Bell basis [10] . Local state discrimination problems have been extensively studied over the last two decades [6-8, 10, 13, 17-21, 30, 33, 35, 38, 41, 42, 45-48, 50, 51, 57, 58] with the majority of work being devoted to understand the relationship between entanglement and local indistinguishability [6, 11, 16, 17, 25, 34, 39, 61] , to identify which sets of states are locally distinguishable and which are not [8, 13, 16, 17, 19-23, 26, 32-34, 41] , and also to obtain useful applications in quantum cryptography primitives, e.g. data hiding [12, 14, 15, 29] and secret sharing [28] .
For a quantum system, prepared in one of a known set of locally indistinguishable states, a measurement on the whole system reveals more information about the state of the system than any sequence of LOCC. But what if we are trying to distinguish a set of product states? Since product states can be prepared separately (following some known set of rules) and without requiring any kind of joint physical interaction between the parts, one might expect that they can always be optimally distinguished with a cleverly chosen LOCC protocol. Peres and Wootters, however, pointed out that this intuition might not be correct [4] (also, see [24, 37] ). Indeed, a few years later, Bennett et al. [6] discovered an orthogonal product basis (OPB) on C 3 ⊗ C 3 that cannot be exactly distinguished by LOCC. Locally indistinguishable product states thus demonstrate the so-called "quantum nonlocality without entanglement" because even if these product states were prepared in different labs, a global measurement would still be necessary for their optimal discrimination. Subsequently, many more such examples were obtained in both bipartite [7, 11, 16, 30, 46, 51] and multiparty systems [7, 16, 25, 30, 38, 49, 52, 54, 55, 59] and their properties explored [7, 11, 27, 39, 60, 61] .
In this paper, we report new nonlocal properties of multiparty orthogonal product states-within the framework of local state discrimination, but considering instead, a more basic problem-quantum state elimination using orthogonality-preserving local measurements (a measurement is orthogonality-preserving if the the postmeasurement states remain orthogonal). The motivation stemmed from the observation that some sets of orthogonal states on a composite Hilbert space are locally reducible, i.e. it is possible to locally eliminate one or more states from the set while preserving orthogonality of the post-measurement states. As this reduction is locally possible, the original problem is reduced to the task of local discrimination of a subset of states. A locally distinguishable set is locally reducible (trivially), but the opposite is not true in general. In the examples given below, the sets are locally reducible, but nevertheless, locally indistinguishable. In particular, each set can be expressed as a union of two or more disjoint subsets, each of which can be addressed on a standalone basis.
(a) All subsets are locally indistinguishable: Consider the maximally entangled orthogonal basis (unnormalized) on
Here, Bob performs a local measurement to distinguish the subspaces spanned by {|0 , |1 } and {|2 , |3 }. Depending upon the outcome, Alice and Bob end up with a state belonging to one of the two blocks (left or right). Note that, neither block is locally distinguishable [10] (in fact, neither block is locally reducible-see Proposition 2).
(b) Not all subsets are locally indistinguishable: Consider the orthogonal basis (unnormalized) on C 3 ⊗ C 3 :
In this example, if the unknown state is one of the product states, it can always be correctly identified, and if it is not, all product states can be locally eliminated. In the latter case, Alice and Bob will end up with one of the four Bell states. The local protocol is given in Appendix A. Note that, the product states do not contribute to local indistinguishability of the whole set. The existence of locally indistinguishable but locally reducible sets raises the following question: Are all locally indistinguishable sets locally reducible? The answer is, no. In fact, as will be shown, some of the well known locally indistinguishable sets are not locally reducible. First, we have the following definition. Definition 1. (Locally irreducible set) A set of orthogonal quantum states on H = n i=1 H i with n ≥ 2 parties of respective dimension d i ≥ 2, i = 1, . . . , n, is locally irreducible if it is not possible to eliminate one or more states from the set by orthogonality-preserving local measurements.
A locally indistinguishable set in general is not locally irreducible except when it contains three pure states. Proposition 1. Any set of three locally indistinguishable orthogonal pure states on H = n i=1 H i with n ≥ 2 parties of respective dimension d i ≥ 2, i = 1, . . . , n, is locally irreducible.
Since any two orthogonal pure states can be exactly distinguished by LOCC [8] , a locally reducible set containing three orthogonal pure states must be locally distinguishable. But this contradicts the fact that the set is known to be locally indistinguishable. This proves the proposition.
We will now describe a sufficient condition for local irreducibility. The formalism was originally developed for local indistinguishability [13] (also see [42, 47] ). We begin by defining a nontrivial measurement [13] .
Definition 2.
A measurement is nontrivial if all the POVM elements are not proportional to the identity operator. Otherwise, the measurement is trivial.
The crux of the argument [13] was that, in any local protocol one of the parties must go first, and whoever goes first must be able to perform some nontrivial orthogonalitypreserving measurement (NOPM). This fits naturally into our scenario for the following reasons. The measurement should be orthogonality-preserving because we require that, any measurement outcome must leave the post-measurement states mutually orthogonal, possibly eliminating some states but not all (unless it correctly identifies the input right away). It is also essential that the measurement is nontrivial because a trivial measurement despite satisfying (trivially) the orthogonality-preserving conditions, gives us no information about the state. The sufficient condition follows by noting that, if none of the parties can perform a local NOPM, the states must be locally irreducible.
Following [13] we now discuss how to apply this condition when a set contains only orthogonal pure states. The basic idea is to check whether an orthogonality-preserving POVM on any of the subsystems is trivial or not. If it is trivial for all, the states are locally irreducible.
Let S = {|ψ 1 , |ψ 2 , . . . , |ψ k } be a set of orthogonal pure states on H = The probability that an input state |ψ p ∈ S yields the outcome α is ψ p I 1 ⊗ · · · ⊗ π i α ⊗ · · · ⊗ I n ψ p , and the corresponding post-measurement state of the system is given by
As the measurement is orthogonality-preserving, for all pairs of states {|ψ p , |ψ q } , p = q the conditions
need to be satisfied. To use the above conditions effectively, we represent each POVM element π i α , α = 1, 2, . . . by a d i × d i matrix (in the computational basis) and solve for the matrix elements by choosing suitable pairs of vectors (also expressed in the computational basis of H). This can be done exactly in many problems of interest. Now if we find that the conditions (4) are satisfied only if π i α is proportional to the identity for all α, then the measurement is trivial. This means the i th party cannot begin a LOCC protocol, and if this is true for all i, then none of the parties can go first. Therefore, S is locally irreducible. We will use this condition extensively in our proofs.
The OPB on C 3 ⊗ C 3 [6] is locally irreducible. This follows from the proof showing that the states are locally indistinguishable [13] . We now show that the Bell basis and the three-qubit GHZ basis are locally irreducible (both sets are known to be locally indistinguishable [10, 17] ) using the method just described.
Proposition 2. The Bell basis (unnormalized)
is locally irreducible. which we have written in the {|0 , |1 } basis. Since this measurement is orthogonality-preserving, for any pair of states {|ψ i , |ψ j }, i = j it holds that ψ i |I ⊗ π α | ψ j = 0. By choosing suitable pairs of states, it is easy to show that π α must be proportional to the identity (details in Appendix B).
As the argument holds for all outcomes, all of Bob's POVM elements are proportional to the identity. This means Bob cannot go first, and from the symmetry of the Bell states, neither can Alice. This completes the proof.
The proof is along the same lines as in the previous one and is given in Appendix C. Note that, the proof can be extended for a N -qubit GHZ basis.
We now come to the main part of the paper. Here we consider the following question: Do there exist multiparty orthogonal sets that are locally irreducible in every bipartition?
The motivation for asking this question is the fact that, in general, many of the properties of multiparty states are not preserved if we change the existing spatial configuration. For example, the three-party (say, A, B and C) unextendible product basis (UPB) on
is locally indistinguishable (hence, nonlocal when all parts are separated) but can be perfectly distinguished across all bipartitions A|BC, B|CA and C|AB [7] using LOCC (and therefore, not nonlocal in the bipartitions). One can also find sets of entangled states that can be locally distinguished in one bipartition but cannot be in the other bipartitions (see, appendix D).
So which sets of orthogonal states are expected to remain locally irreducible in all bipartitions? Intuition suggests that a genuinely entangled orthogonal basis (the basis vectors are entangled in every bipartition) is a promising candidate, because in any bipartition, the states are not only locally indistinguishable but also none of them can be correctly identified with some nonzero probability using LOCC [17] . Nevertheless, the following proposition shows that the GHZ basis, which is genuinely entangled and locally irreducible [Proposition 3], is locally reducible in all bipartitions.
Proposition 4. The GHZ basis given by (6) is locally reducible in all bipartitions.
Proof. The proof is simple. Note that, one can always perform a joint measurement on any two qubits to distinguish the subspaces spanned by {|00 , |11 } and {|01 , |10 }. Thus in any bipartition, the whole set can be locally reduced to two disjoint subsets, each of which is locally equivalent to the Bell basis (the proof can be extended mutatis mutandi for a Nqubit GHZ basis with the identical conclusion). Proposition 4 gives rise to an interesting question: Can multiparty orthogonal product states be locally irreducible in all bipartitions? If such sets exist, they would clearly demonstrate quantum nonlocality stronger than what we presently understand.
We note that the product states we are looking for can only exist on Hilbert spaces H = n i=1 H i , n ≥ 3, where d i ≥ 3 for every i. This is because, any set of orthogonal product states on C 2 ⊗ C d , d ≥ 2 can be exactly distinguished by LOCC [16] , and hence, cannot be locally irreducible in all bipartitions. We also checked the known examples (to the best of our knowledge) of locally indistinguishable multiparty orthogonal product states but did not find any with the desired property. Some of them were ruled out by the dimensionality constraint, and those in higher dimensions turned out to be either locally distinguishable [16, 25, 42, 47, 49, [54] [55] [56] or locally reducible [59] in one or more bipartitions.
The main result of this paper lies in showing that multiparty orthogonal product states-locally irreducible in all bipartitions-exist. We call such sets strongly nonlocal.
Definition 3. Consider a composite quantum system H = n i=1 H i with n ≥ 3 parties of respective dimension d i ≥ 2, i = 1, . . . , n. A set of orthogonal product states |ψ i = |α i 1 ⊗ |β i 2 ⊗ · · · ⊗ |γ i n on H is strongly nonlocal if it is locally irreducible in every bipartition.
We now give examples of OPBs on
and prove them strongly nonlocal. Note that, the construction for d = 3 achieves the minimum dimension required for strong nonlocality-without entanglement-in multiparty systems.
We will use the notation |1 , |2 , |3 for the bases of Alice, Bob and Charlie's Hilbert spaces. Consider the following OPB on
where |1 ± 2 stands for
(|1 ± |2 ) etc. Note that, the set (7) is invariant under cyclic permutation of the parties A, B, and C. We first show that the states are locally irreducible. Lemma 1. The set of states given by (7) 
Proof. Consider the following states
chosen from the whole set. For the above states it was proved [49] that any 3×3 orthogonality-preserving POVM acting on any of the subsystems must be proportional to the identity. Clearly, this must also hold for the whole set of which the states (8) form a subset because all belong to the same state space
Therefore, none of the parties can begin a LOCC protocol by performing some local NOPM; hence, the proof (for completeness, we have included the details in appendix E). Theorem 1. The orthogonal product basis (7) is strongly nonlocal.
Proof. We need to show that the states (7) form a locally irreducible set in any bipartition. To begin with, consider the bipartition A|BC (H A ⊗ H BC ). Physically this means the subsystems B and C are treated together as a nine-dimensional subsystem BC on which joint measurements are now allowed. To reflect this, we write the states (7) as
which form an orthogonal basis on C 3 ⊗ C 9 . To simplify the notation, denote the elements of the basis {|ij }, i, j = 1, . . . , 3 on H BC as: ∀i = 1, 2, 3, |1i → |i , |2i → |i + 3 and |3i → |i + 6 and rewrite the states (9) as follows:
We now show that any orthogonality-preserving local POVM performed either on A or BC must be trivial. Therefore, neither Alice (A) nor Bob and Charlie together (BC) can go first. First, consider Alice. Recall that, Lemma 1 holds because none of the parties can perform a local NOPM when all parts are separated. Since in the bipartition A|BC Alice's subsystem is still separated from the rest, we conclude that Alice cannot go first.
We now consider whether it is possible to initiate a local protocol by performing some NOPM on BC. Let the POVM {Π α } describe a general orthogonality-preserving measurement on BC. Each POVM element Π α can be written as a 9 × 9 matrix in the {|1 , . . . , |9 } basis of H BC : 
The measurement must leave the post-measurement states mutually orthogonal. By choosing suitable pairs of vectors {|ψ i , |ψ j }, i = j, we find that all the off-diagonal matrix elements a ij , i = j must be zero if the orthogonalitypreserving conditions ψ i |I ⊗ Π α | ψ j = 0 are to be satisfied. Table I in appendix F shows the complete analysis. Similarly, we find that the diagonal elements are all equal. For example, by setting the inner product 1| 4+5|I⊗Π α |1 |4− 5 = 0, we get a 44 = a 55 . Table II (appendix F) summarizes this analysis.
As the diagonal elements of Π α are all equal and the offdiagonal elements are all zero, Π α must be proportional to the identity. The argument applies to all measurement outcomes, and thus all POVM elements {Π α } must be proportional to the identity. This means the POVM must be trivial, and therefore, BC cannot go first. Thus the states (10) form a locally irreducible set in the bipartition A|BC.
From the symmetry of the states (7) [invariant under cyclic permutation of the parties], it follows that the states (7) are also locally irreducible in the bipartitions, C|AB, and B|CA. This completes the proof.
We have generalized our construction on C 4 ⊗ C 4 ⊗ C 4 . This set of sixty-four orthogonal product is also strongly nonlocal. As the construction doesn't add any new insight, the details are given in appendix G along with the proof.
We now briefly discuss the question of exact local discrimination of strongly nonlocal product states using entanglement as a resource. In our examples, it is clear that the three-party separable measurements cannot be locally implemented even if any two of the parties share an unlimited amount of entanglement as a resource. In fact, exact local implementation of these three-party separable measurements would require a resource state to be entangled in all bipartitions. This property also holds for product states that are not strongly nonlocal but locally indistinguishable in all bipartitions [59] . However, it is likely that strongly nonlocal sets should consume more entanglement for exact local discrimination.
As to, how much entanglement must one consume to reliably distinguish the states in our examples, we do not have any clear answer, nor do we have any encouraging intuition. It is obvious that if any two pairs (say, A, B and A, C) share C 3 ⊗ C 3 maximally entangled states, the states can be perfectly distinguished by a teleportation protocol. What is not clear is whether one can do just as well using cheaper resources. In particular, is it possible to find resource states from lower dimensions to enable exact local discrimination? For example, Cohen [27] showed that it is possible to exactly distinguish the OPB [6] 
In summary, we studied nonlocal properties of orthogonal quantum states as manifested in local state discrimination problems. We began by considering the question of elimination of quantum states from a given set using local NOPMs. A set of orthogonal states was defined to be locally irreducible if it is not possible to eliminate one or more states from the set by local NOPMs. Locally irreducible sets are necessarily locally indistinguishable but the converse doesn't hold in general. We showed that a set of three locally indistinguishable orthogonal pure states, regardless of their entanglement, dimensions and multiparty structure, is locally irreducible and that the Bell basis and the GHZ basis are also locally irreducible.
As many of the properties of multiparty states depend on spatial configurations, we wanted to know whether a locally irreducible set can remain locally irreducible in all bipartitions. We found that genuinely entangled orthogonal bases may not be locally irreducible in all bipartitions, but orthogonal product states can be. Thus orthogonal product states that are locally irreducible in all bipartitions exhibit strong quantum nonlocality without entanglement. We gave the first examples of strongly nonlocal orthogonal product bases on
, where the construction for d = 3 achieves the minimum dimension necessary for such product states to exist in multiparty systems.
The results in this paper left open some interesting questions. As a first, one may consider generalizing our threeparty constructions for d ≥ 5. This generalization is likely to be possible, but may not add further insight to what we already understand about the structure of these sets. On the other hand, examples on n i=1 C d for n ≥ 4 and d ≥ 3 should provide a better understanding of these sets. Perhaps, a more interesting problem is whether we can find strongly nonlocal orthogonal product states that do not form a basis.
In particular, one may want to show whether an unextendible product basis can be strongly nonlocal or not.
Nonlocal properties of quantum states can never be complete without entanglement. Proposition 4) shows that even a genuinely entangled basis may not be locally irreducible in every bipartition. So to satisfy "local irreducibility in all bipartitions" with entanglement, the structure of the states are likely to play a critical role as opposed to their entanglement. In fact, any example, even in the simplest case of 
B. Proof of irreducibility of the Bell basis (5): Let
where M α is the Krauss operator. Since the measurement is orthogonality-preserving, for every α, the following states must be pairwise orthogonal to each other.
Setting the inner products to zero, we solve for the matrix elements: ψ 1 |I ⊗ π α |ψ 2 = 0 a 00 − a 11 = 0 a 00 = a 11 ψ 1 |I ⊗ π α |ψ 3 = 0 a 01 + a 10 = 0 a 01 = a 10 = 0 ψ 1 |I ⊗ π α |ψ 4 = 0 a 01 − a 10 = 0 (14)
As we can see π α must be proportional to the identity.
C. Proof of irreducibility of the GHZ basis: The states in the GHZ basis are given by:
The proof works exactly the same way as the previous one. Let's first consider Charlie. A measurement by Charlie can be defined by a set of POVM elements {π i }, i π i = I. In the {|0 , |1 } basis the matrix form of
a 00 a 01 a 10 a 11 (16) For the outcome i, the post-measurement states are,
As the measurement is orthogonality-preserving, the above states must be mutually orthogonal. Setting the inner products to zero we can easily solve for the matrix elements:
Thus π i is proportional to a 2 × 2 identity matrix. Since the argument applies to all possible outcomes, Charlie cannot go first and from the symmetry of the states, neither can Alice or Bob.
D. Consider the following GHZ states (unnormalized) on
The above states cannot be distinguished across A|BC (locally equivalent to the Bell basis) but are distinguishable across the other two bipartitions B|CA and C|AB.
E. Proof of Lemma 1: The twelve product states are given by:
Suppose that Alice goes first. Her measurement is defined by a set of POVM elements {π l }, l π l = I 3×3 . In matrix form, π l = M † l M l can be written as (in {|1 , |2 , |3 } basis) 
As the measurement is orthogonality preserving then after any given outcome, say l, the post measurement states (M l ⊗ I ⊗ I)|ψ k , k = 1, . . . , 12 remain pairwise orthogonal to each other. Setting the inner products of the post measurement states equal to zero, we solve for the matrix elements: 
Thus we see that π l is proportional to the 3 × 3 identity matrix. Since the argument holds for all outcomes, Alice cannot go first and from the symmetry neither can Bob or Charlie. 
F. Tables I and II
|2 |5 , |2 |3 + 9 a 95 = a 59 = 0 (30) |3 |1 + 7 , |3 |2 + 5 a 75 = a 57 = 0 (31) |2 |3 + 9 , |2 |7 + 8 a 97 = a 79 = 0 (32) |3 |1 + 7 , |3 |9 a 91 = a 19 = 0 (33) |3 |4 + 6 , |3 |9 a 94 = a 49 = 0 (34) |1 |4 + 5 , |1 |7 + 9 a 74 = a 47 = 0 (35) |3 |1 + 7 , |3 |4 + 6 a 41 = a 14 = 0 (36) |1 |7 + 9 , |1 |1 a 71 = a 17 = 0 Note: The analysis was done according to the serial numbers, and that's how the table should be read/followed. In some cases, the inner product conditions give us the values of a ij s, i = j right away. For example, consider entry (1)
In some other cases, e.g. entry (9) the inner-product conditions give the equations: (a) a 42 + a 52 = 0 and (b) a 24 + a 25 = 0 which can't be solved directly. But in entry (5) we have already obtained the values for a 25 and a 52 , both of which are zero. Therefore, a 42 = a 24 = 0. 
First, we obtain a small set of states similar to (8) ; there are eighteen such states:
As the above states are locally distinguishable in bipartitions, we add the twisted states given below:
Note that, in both blocks the second and third columns are obtained by cyclic permutation of the first column [similar property holds for (7)]. We can now complete the above set by adding the "simple product" states-in this case there are ten of them:
The union of the above three sets S = S 1 ∪ S 2 ∪ S 3 form the desired OPB on
In what follows, we first show that S is locally irreducible and then we will prove that S is strongly nonlocal.
First we show that S is locally irreducible. To show this, we first prove that that S 1 is locally irreducible. We write the states (23 ) as:
Suppose Alice goes first. Alice's measurement is defined by a set of POVM elements {π l }, l π l = I 4×4 . Each element π l = M † l M l is given by a 4 × 4 matrix written in {|1 , |2 , |3 , |4 } basis: 
We assume that this measurement is orthogonality-preserving. Therefore, the states {(M l ⊗ I ⊗ I) |ψ k }, k = 1, . . . , 18 must be orthogonal to each other. Setting the inner products of the post measurement states equal to zero, we solve for the matrix elements e ij as shown in the table below: 
We see that π l must be proportional to the identity. As the argument applies to all outcomes, all the POVM elements must be proportional to the identity, and therefore Alice cannot go first, and from the symmetry of the states, neither can Bob, nor Charlie. Thus S 1 is locally irreducible. Since S 1 is a subset of S the argument holds for S as well, and therefore, S is locally irreducible.
We now prove that S is strongly nonlocal following the steps in the proof involving the states (7) . Consider the bipartition A|BC. We have already shown that Alice cannot go first when all of them are separated (as S is irreducible). But for Alice, the situation doesn't change because she is still separated from BC. Therefore, even in the configuration A|BC Alice cannot begin a local protocol by performing some local NOPM on her subsystem.
We now come to the subsystem BC. First we rewrite the states in S i , i = 1, 2, 3 to reflect this fact. For clarity, we denote computational basis states of H BC in the following way: |1i → |i ; |2i → |i + 4 ; |3i → |i + 8 ; |4i → |i + 12 and rewrite the states:
For any general measurement on BC described by a POVM {π α }, each element π α can be represented by a 16 × 16 matrix with the elements denoted by a i,j , i, j = 1, . . . , 16. We proceed exactly the same way as in the previous proofs. The table below shows that all the diagonal elements are equal.
states elements states elements |2 |1 + 5 , |2 |1 − 5 a1,1 = a5,5 |3 |1 + 9 , |3 |1 − 9 a1,1 = a9,9 |4 |1 + 13 , |4 |1 − 13 a1,1 = a13,13 |3 |2 + 6 , |3 |2 − 6 a2,2 = a6,6 |4 |3 + 11 , |4 |3 − 11 a3,3 = a11,11 |3 |4 + 16 , |3 |4 − 16 a4,4 = a16,16 |1 |5 + 6 , |1 |5 − 6 a5,5 = a6,6 |1 |9 + 11 , |1 |9 − 11 a9,9 = a11,11 |1 |13 + 16 , |1 |13 − 16 a13,13 = a16,16
a5,5 = a7,7 |2 |9 + 10 , |2 |9 − 10 a9,9 = a10,10 |4 |9 + 12 , |4 |9 − 12 a9,9 = a12,12 |2 |13 + 14 , |2 |13 − 14 a13,13 = a14,14 |3 |13 + 15 , |3 |13 − 15 a13,13 = a15,15 |2 |3 + 11 , |2 |3 − 11 a3,3 = a11,11
Tables III and IV show that all the off-diagonal elements are zero. The tables should be read according to the serial numbers (that's how the matrix elements were evaluated using the orthogonality-preserving conditions).
Therefore we have shown that π α must be proportional to the identity. As this argument holds for all possible outcomes, all POVM elements must also be proportional to the identity and hence, trivial. Therefore, Bob and Charlie cannot go first. This shows that the set is locally irreducible in the bipartition A|BC and from the symmetry of the states it must also be locally irreducible in the other two bipartitions. Hence, S is strongly nonlocal. |1 + 3 |10 , |1 |1 a 10,1 = a 1,10 = 0 (46) |1 + 2 |2 , |2 |3 + 11 a 2,11 = a 11,2 = 0 (47) |1 + 2 |2 , |2 |4 + 16 a 2,16 = a 16,2 = 0 (48) |1 + 2 |2 , |2 |9 + 10 a 2,9 = a 9,2 = 0 (49) |1 + 2 |2 , |2 |6 a 2,6 = a 6,2 = 0 (50) |1 + 2 |2 , |2 |13 + 14 a 2,13 = a 13,2 = 0 (51) |1 + 2 |2 , |1 |5 + 6 a 2,5 = a 5,2 = 0 (52) |1 + 2 |7 , |2 |3 + 11 a 7,11 = a 11,7 = 0 (53) |1 + 2 |7 , |2 |4 + 16 a 7,16 = a 16,7 = 0 (54) |1 + 2 |7 , |2 |9 + 10 a 7,9 = a 9,7 = 0 (55) |1 + 2 |7 , |2 |6 a 7,6 = a 6,7 = 0 (56) |1 + 2 |7 , |2 |13 + 14 a 7,13 = a 13,7 = 0 (57) |1 + 2 |7 , |1 |5 + 6 a 7,5 = a 5,7 = 0 (58) |1 + 2 |8 , |2 |3 + 11 a 8,11 = a 11,8 = 0 (59) |1 + 2 |8 , |2 |4 + 16 a 8,16 = a 16,8 = 0 (60) |1 + 2 |8 , |2 |9 + 10 a 8,9 = a 9,8 = 0 |1 + 3 |3 , |3 |1 + 9 a 3,9 = a 9,3 = 0 (67) |1 + 3 |3 , |3 |2 + 6 a 3,6 = a 6,3 = 0 (68) |1 + 3 |3 , |3 |13 + 15 a 3,13 = a 13,3 = 0 (69) |1 + 3 |3 , |3 |5 + 7 a 3,5 = a 5,3 = 0 (70) |1 + 3 |12 , |3 |11 a 12,11 = a 11,12 = 0 (71) |1 + 3 |12 , |3 |4 + 16 a 12,16 = a 16,12 = 0 (72) |1 + 3 |12 , |3 |1 + 9 a 12,9 = a 9,12 = 0 (73) |1 + 3 |12 , |3 |2 + 6 a 12,6 = a 6,12 = 0 (74) |1 + 3 |12 , |3 |13 + 15 a 12,13 = a 13,12 = 0 (75) |1 + 3 |12 , |3 |5 + 7 a 12,5 = a 5,12 = 0 (76) |1 + 3 |10 , |3 |11 a 10,11 = a 11,10 = 0 (77) |1 + 3 |10 , |3 |4 + 16 a 10,16 = a 16,10 = 0 (78) |1 + 3 |10 , |3 |1 + 9 a 10,9 = a 9,10 = 0 (79) |1 + 3 |10 , |3 |2 + 6 a 10,6 = a 6,10 = 0 (80) |1 + 3 |10 , |3 |13 + 15 a 10,13 = a a 5,9 = a 9,5 = 0 (105) |3 |2 + 6 , |3 |4 + 16 a 6,16 = a 16,6 = 0 (106) |3 |2 + 6 , |3 |11 a 6,11 = a 11,6 = 0 (107) |3 |2 + 6 , |3 |13 + 15 a 6,13 = a 13,6 = 0 (108) |4 |2 + 6 , |4 |9 + 12 a 6,9 = a 9,6 = 0 (109) |4 |9 + 12 , |4 |3 + 11 a 9,11 = a 11,9 = 0 (110) |4 |9 + 12 , |4 |16 a 9,16 = a 16,9 = 0 (111) |2 |9 + 10 , |2 |13 + 14 a 9,13 = a 13,9 = 0 (112) |4 |3 + 11 , |4 |16 a 11,16 = a 16,11 = 0 (113) |2 |3 + 11 , |2 |13 + 14 a 11,13 = a 13,11 = 0 (114) |2 |13 + 14 , |2 |4 + 16 a 13,16 = a 16,13 = 0 (115) |2 |1 + 5 , |2 |6 a 1,6 = a 6,1 = 0 (116) |2 |1 + 5 , |2 |13 + 14 a 1,13 = a 13,1 = 0 (117) |2 |1 + 5 , |2 |3 + 11 a 1,11 = a 11,1 = 0 (118) |2 |1 + 5 , |2 |4 + 16 a 1,16 = a 16,1 = 0 (119) |2 |1 + 5 , |2 |9 + 10 a 1,9 = a 9,1 = 0 (120) |3 |1 + 9 , |3 |5 + 7 a 1,5 = a 5,1 = 0
